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Weak values inferred from weak measurements have been proposed as a tool to investigate trajec-
tories of pre- and post-selected quantum systems. Are the inferences drawn from the weak values
about the past of a quantum particle fully true? Can the two-state vector formalism predict ev-
erything that the standard formalism of quantum mechanics can? To investigate these questions
we present a “which-path” gedanken experiment in which the information revealed by a pre- and
post-selected quantum system is surprisingly different from what one would expect from the weak
values computed using the two-state vector formalism. In our gedanken experiment, a particle re-
veals its presence in locations where the weak value of the projection operator onto those locations
was vanishingly small. Therefore our predictions turn out to be in contradistinction to those made
based on the nonvanishing weak values as the presence indicators of the quantum particle. We pro-
pose a six port photon-based interferometer setup as a possible physical realization of our gedanken
experiment.
The physical picture of a quantum particle just before
it has revealed some property through a projective mea-
surement has been a much debated topic [1–8]. In the
standard formalism of quantum mechanics the reality of
a particle does not have a meaning prior to a measure-
ment [9, 10].
In time-symmetric two state vector formalism(TSVF),
states |ψ(t0)〉 and |φ(t
′
0)〉 of a quantum system are se-
lected at two different times t0 and t
′
0. These are called
pre- and post-selected states respectively and are on an
equal footing [11]. At a given time t in-between t0
and t′0 a complete description of the quantum system
is given by a forward evolving state vector |ψ(t)〉 =
exp
[
− i
h¯
∫ t
t0
Hdt
]
|ψ(t0)〉 coming from the time of pre-
selection to t along with a backward evolving state vector
|φ(t)〉 = exp
[
− i
h¯
∫ t
t′
0
Hdt
]
|φ(t′0)〉 coming from the time of
post-selection to t. The weak value of an observable A of
such a pre- and post-selected quantum system at time t
is given by [12, 13]:
Aw(t) =
〈φ(t)|A |ψ(t)〉
〈φ(t)|ψ(t)〉
(1)
The weak values fully determine the properties of pre-
and post-selected quantum system at all intermediate
times [12, 14, 15].
The weak values have also been called the weak-
measurement elements of reality (WMER) [16] and it
has been proposed that the trace a particle leaves at a
location is proportional to the weak value of the projec-
tion operator onto that particular location [14, 17]. Most
studies carried out in this context, whether to critique or
to support the experiments of Danan et. al. are based on
weak measurement schemes where the presence of weak
traces in the state of the pointer reveals the past of the
quantum system under consideration [18–20].
A series of proposals and experimental realizations
of “which-path” experiments using weak measurements
have been published in recent years [15, 18, 21–25]. Most
of these results are in agreement with the predictions of
TSVF. Amongst all these efforts, the work by L. Vaid-
man [14, 26] and experiments of Danan et. al. [24] have
been at the center stage of discussion for people working
on quantum foundations.
The most surprising and ‘common sense’ defying claim
made by the authors is that a pre- and post-selected pho-
ton in a nested Mach-Zehnder interferometer (NMZI)
takes discontinuous trajectories to reach the detector.
The photon visits a region in the NMZI without enter-
ing and exiting it. These claims are firmly based on the
predictions of TSVF. Many comments, replies and pa-
pers have been published in criticism as well as support
of these claims [19, 20, 27–34].
In this paper we take a different approach to investi-
gate the past of a particle once it is detected. In the
standard formalism of quantum mechanics, the evolu-
tion of the system is deterministic. The signatures of the
system Hamiltonian which may be present in the state
vector of the system right before the post-selection are
lost in the post selection process via measurement on a
single copy. Although, the evolution during the mea-
surement process is non-deterministic, the probabilities
of possible outcomes depend on the state right before
the measurement. Therefore, we can expect the presence
of some signature of the structure of the Hamiltonian in
the measured probabilities. These probabilities can be
determined experimentally by measurements on ensem-
bles. In our gedanken experiment, we use this technique
to investigate the past of a post-selected quantum sys-
tem. We carefully insert certain time dependent elements
in the Hamiltonian at certain locations which oscillate at
fixed frequencies. We then use the presence of these fre-
quencies in the measured probabilities as indicators for
the passage of the particle through locations where such
time dependent elements were installed.
We consider a quantum system with a six-dimensional
2Hilbert space H. For the purpose of the gedanken ex-
periment, we can think of a quantum particle being in
six non-overlapping boxes. If the particle is found in the
ith box with certainty, the state vector of the particle is
written as |i〉. In the absence of interactions these states
are orthogonal to each other.
The boxes are designed in such a way that the interac-
tions can be switched on so that the particle can tunnel
between any pair of boxes in a controlled manner.
The boxes i and j can be made to interact instan-
taneously at time t′ via the interaction Hamiltonian
H ′ = gδ(t − t′)σ
(ij)
y . Here σ
(ij)
y = i(− |i〉 〈j| + |j〉 〈i|)
is σy Pauli matrix and δ(t − t
′) is a Dirac delta func-
tion of time t. The tunable parameter g represents the
tunneling strength and we call the process as a leakage
process when g is sufficiently small so that we need to
retain only the terms linear in g.
Consider a quantum state |ψ(t0)〉 of the particle at t0
which undergoes time evolution according to the Hamil-
tonian:
H =
10∑
i=1
Hi, With
H1 = −h¯{sin
−1(
√
2/3)δ(t− t1)(σ
(13)
y + σ
(24)
y )}
H2 = −ǫh¯ cos (ω1t)δ(t− t2)σ
(34)
y
H3 = −
π
4
h¯δ(t− t3)(σ
(35)
y + σ
(46)
y )
H4 = −ǫh¯δ(t− t4){cos (ω2t)σ
(12)
y + cos (ω3t)σ
(34)
y
+cos (ω4t)σ
(56)
y }
H5 = −
π
2
h¯δ(t− t5)(I
(56) − σ(56)z )
H6 = −
π
4
h¯δ(t− t6)(σ
(35)
y + σ
(46)
y )
H7 = −ǫh¯ cos (ω5t)δ(t− t7)σ
(34)
y
H8 = −h¯{sin
−1 (
√
2/3)δ(t− t8)(σ
(13)
y + σ
(24)
y )}
H9 = −
π
4
h¯δ(t− t9)σ
(12)
y (2)
The impulsive interaction occurs at moments of time
t0 < t1 < t3 < · · · < t8 < t9. The parameter ǫ ≪ 1
is such that the contributions of higher powers of ǫ in
the experimental observations are negligible. Therefore,
H2, H4, and H7 generate leakage processes between cer-
tain boxes. The time intervals between ti’s are kept fixed
for repeated runs of the experiment. Since all the trans-
formations generated by Hi are momentary and well sep-
arated in time, the state of the particle at time t > t9 is
given for infinitesimally small ∆ as
|ψ(t)〉 = exp
[
−
i
h¯
∫ t9+∆
t9−∆
H9dt
]
exp
[
−
i
h¯
∫ t8+∆
t8−∆
H8dt
]
· · ·
· · · exp
[
−
i
h¯
∫ t2+∆
t2−∆
H2dt
]
exp
[
−
i
h¯
∫ t1+∆
t1−∆
H1dt
]
|ψ(t0)〉
(3)
As we shall see, the leakage processes described above
are engineered to provide us with a tool to investigate
the past of the particle. A leakage process between two
completely empty boxes will definitely not make any con-
tribution to the time evolution of the state of the particle
and hence will not have any measurable effects. There-
fore, the measurable effect of such a leakage process, be-
tween any two boxes in the state of the particle is an
evidence that the amplitude of the particle was not zero
at least in one of the boxes involved in the leakage inter-
action. It is easy to see that due to the leakage process,
the change in the probability amplitude of the particle
being in one box is proportional to the probability am-
plitude of being in the other box.
The initial state of the particle is prepared in |1〉 at
time t0. Assuming the condition ω
−1
j ≫ (t
′ − t0), j =
1, 2, · · · , 5, the probability of finding the particle in state
|1〉 at time t′ > t9 is found to be modulated with fre-
quencies ω1, ω2, ω3, and ω4 as:
P =
1
18
{1+ 2ǫ(2 cosω1t
′− cosω2t
′+cosω3t
′+cosω4t
′)}
(4)
Probability P depends on the time when the experiment
was conducted. Experiment with a single particle can-
not reveal any information about the time dependency
of probability P , but experimental runs over ensembles
with varying time can provide us information about the
frequencies present in modulated probability P .
The probability P can be experimentally measured by
repeating the experiment a large number of times at a
certain rate. Further we need to choose a sampling time
Ts which is large enough to measure over a sufficiently
large number of particles and small enough that the time
varying elements do not change appreciably during the
sampling time. Thus we need to have the frequencies ωi
to be sufficiently small. The total experiment time then
will have to long and is dictated by the smallest frequency
amongst ωi’s.
Suppose box-3 was not empty and had a probability
amplitude α and the box-4 was empty. The leakage
Hamiltonian H2 transforms the amplitudes as:[
cos (ǫ cosω1t) sin (ǫ cosω1t)
− sin (ǫ cosω1t) cos (ǫ cosω1t)
] [
α
0
]
≈
[
α
−αǫ cosω1t
]
This change will be measurable only if αǫ is significant
and that will happen only if α ≫ ǫ. The same is true
for pairs of boxes 1 and 2, 3 and 4, and 5 and 6 at
times between t3 and t4. Ratios of amplitudes of dif-
ferent frequencies in Fourier analysis reveals the ratios
of probabilities present in the corresponding non-empty
boxes at corresponding times. This intuitively explains
the fact that ǫ appears in front of all the variable terms in
Equation (4). The expression for P given in Equation (4)
which can be measured by sampling experiments, tells us
a story about the past of the particle that at least one
3of the boxes 3 and 4 at time between t1 and t2 was not
empty.
Let us now explore the predictions of the TSVF of
quantum mechanics for our gedanken experiment. In
order to answer the question whether the particle was
present in at least one box of the pair of boxes right
before the leakage took place, we perform weak mea-
surements in both boxes. The weak traces present in
the pointer state after the post-selection will reveal the
presence of the particle. For the particle pre-selected in
state |ψ〉 = |1〉 at time t0 and post-selected in the state
|φ〉 = |1〉 at time t′, we calculate the weak values of the
projection operators at those boxes at the corresponding
times. The weak value of projection at box k right before
time tj is written Wk(tj). The weak values right before
all the leakage processes are:
W3(t2) = ǫ(2 cosω1t
′ + cosω3t
′ + cosω4t
′)
W1(t4) = 1− ǫ(2 cosω1t
′ + cosω3t
′ + cosω4t
′)
W3(t4) = −1 + ǫ(2 cosω1t
′ − cosω2t
′ + 2 cosω3t
′
+ cosω4t
′ + cosω5t
′)
W4(t4) = ǫ cosω1t
′
W5(t4) = 1− ǫ(2 cosω1t
′ − cosω2t
′ + cosω3t
′ + cosω5t
′)
W6(t4) = ǫ cosω1t
′
W4(t7) = ǫ(2 cosω1t
′ + cosω3t
′ + cosω4t
′)
W3(t7) =W4(t2) = W2(t4) = 0 (5)
The weak values are measured by introducing von Neu-
mann type interaction between the system and the
pointer with interaction Hamiltonian between the system
and the apparatus given by
HSA = κδ(t− t
′)Aˆ⊗ pˆ (6)
Where κ is the strength of the measurement, Aˆ is the
observable being measured (in our case it is the projec-
tion operator onto a particular location) and pˆ is the
pointer momentum operator. The measurement is weak
when κ ≪ 1. After this interaction, the displacement of
the pointer state vector is proportional to the weak value
of the observable being measured. Weak nature of the
measurement implies that the effects of higher powers of
coupling strength κ are not recordable experimentally.
This amounts to κ2 ≈ 0 and we already have ǫ2 ≈ 0,
therefore, we conclude that κǫ ≈ 0, which implies that
the weak traces corresponding to weak values of the order
ǫ are too small to be observed.
The story told by weak values is surprisingly differ-
ent. Particle leaves weak trace only in boxes 1,3 and
5 according to nonzero weak values W1(t4),W3(t4), and
W5(t4). Therefore, weak signals corresponding to only
these three weak measurements are expected to appear
in the measurement of pointer state. The information
about the particle’s presence in the pair of boxes 3 and
4 at time t2 is completely absent from the weak signal,
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FIG. 1. (a) Six-port interferometer with empty dots show-
ing the input ports and filled dots showing the output ports.
The dark square boxes are the beam splitters (BS), the light
boxes are the time dependent L elements and the long dark
rectangle are the mirrors. The top left corner shows the The
input and output ports for L and BS. (b) The thick (red) and
thin (blue) lines represent the forward and backward evolv-
ing state vectors of the single photon, pre and post-selected
at the source S and detector D, respectively. The solid lines
represent the non vanishing and significant probability ampli-
tude, dashed lines represent insignificant (order ǫ) probability
amplitudes, and the absence of a line represents amplitudes
which are zero or proportional to higher powers of ǫ.
which leads us to draw a conclusion on the basis of TSVF
that the particle was absent in both the boxes between
time t1 and t2. This prediction is in direct contradiction
with our earlier conclusions based on standard quantum
mechanical analysis.
Before discussing this further, we propose an experi-
mental scheme to demonstrate our gedanken experiment
with a single photon interferometer. We propose a six-
port photon interferometer as detailed in Figure. 1(a). In
this setup a photon can enter and exit from six distinct
ports. A single photon inside the interferometer can be
in a superposition of six non-overlapping ports forming
a six-dimensional Hilbert space. The first two zero-loss
beam splitters (BS) act on pairs of ports-1, 3, and ports-
2, 4 and have transmission and reflection coefficients of
one-third and two-third respectively. These two opera-
tions are collectively equivalent to time-evolution gener-
ated by H1. Two similar BS are used to produce outputs
of port-3 and 4 while rest of the BS are 50-50. The ele-
ments Li are also beam splitters, but with a time vary-
ing reflectivity such that the result of transformation is
equivalent to time-evolution generated by a leakage pro-
cess between the input ports. The operator for Li in the
basis formed by input ports is written as:
Li =
[
cos (ǫ cosωit) sin (ǫ cosωit)
− sin (ǫ cosωit) cos (ǫ cosωit)
]
(7)
The phase shifter η produces a phase shift of π in the
amplitude of input in the port-6. The frequencies ωi
are chosen in such a way that the change in ωit is not
4only negligible for a single photon transit through the
interferometer, it is so slowly varying that we can pass
a number of photons through the interferometer in order
to sample the probability given in Equation (4).
The presence of any of the beam splitters Li is sig-
nificant if and only if the absolute value of probability
amplitude of photon in at least one of the input ports
involved is much larger than ǫ. In other words if the
probability amplitudes in both the input ports are equal
or less than of the order of ǫ, removing the beam split-
ter from interferometer does not affect the final state of
the photon. Therefore, whenever any ωi is present in the
probability of finding photon in any of the output ports
of the interferometer, we naturally reach the conclusion
that the presence of the photon in entrance ports of the
beam splitter Li was significant.
In our “which-path” experiment, the particle is a sin-
gle photon with a spatially localized wave-packet and it
enters the interferometer from port-1 before time t1 and
its presence is detected in output port-1 after time t9.
The probability P of finding photon in output port-1 is
determined by the expression given in Equation (4). It is
clear from the expression that the probability of presence
of the photon in entrance ports of L1, L2, L3, and L4 was
significant and the presence probability in at least one of
the ports of the beam splitter L1 was double as compared
to the non-empty ports of another Li.
The probabilities of finding the input photon in the en-
trance ports of devices L1, L2, L3, L4 and L5 are {
2
3 , 0},
{ 13 , 0}, {
1
3 , 0(ǫ
2)}, { 13 , 0(ǫ
2)}, and {0, 0(ǫ2)} respectively
at the respective times. This is in agreement with the
inferences drawn from the Equation (4) The entire infor-
mation about the past, here, is obtained in the absence
of any kind of ancillary system acting as a pointer.
On the other hand in the TSVF, in order to investigate
the presence of the photon in entrance ports of every Li,
an ancillary observable is coupled according to weak von
Neumann interaction Hamiltonian (given in Equation 6)
with the projection operator of the photon at that par-
ticular port. The initial state of the ancillary system is
taken to be a Gaussian with a finite width. One can
use the frequency space of the photon as a pointer and
perform weak coupling using electro-optics phase modu-
lators (EOM) [18]. The weak interaction leads to a small
shift in the center of the Gaussian state, which is the
measure of the weak trace that the photon leaves on the
ancillary system.
For a single photon, pre-selected in input port-1 had
post selected in output port-1 after t9, the weak values
of projection operators at locations of weak measure-
ments w1, w2, · · · , w10 shown in Figure 1(b) are detailed
in Equation (5). The values reveal that the probability
of presence of the particle was of the order of 1 at w3, w5,
and w7 and of the order of first or higher powers of ǫ
at the rest of the locations. Particularly, for port-3 and
port-4, between t1 and t2, at least one of the forward and
backward wave-functions vanishes to order of ǫ. Thus,
TSVF and Vaidman’s criteria collectively, lead us to the
conclusion: the presence of the photon in both the ports
3 and 4 was negligibly small. This results in a paradox-
ical situation where the claims of TSVF and standard
formalism of quantum mechanics differ from each other.
Let us now see what difference the absence of weak
traces of w1 and w2 can make. A team of Alice, Bob
and Charlie perform the six-port interferometer experi-
ment. Alice sends a string of photons in the interferom-
eter through port-1, Bob detects the photons at output
port-1 and Charlie measures the state of pointer if the
photon is detected by Bob. Further, let us assume that
Alice has got a handle over the interferometer such that
she can make a choice either to remove L1 or to keep it
in the interferometer randomly without telling any one.
In each case Alice sends a long enough string of photons
so that Bob and Charlie can learn about the past of the
particle with a good precision. In each case she asks the
question whether L1 is implemented in the experiment
or not. Bob’s source of information is the time depen-
dency of the number of photons detected while Charlie
relies on weak traces in the pointer state. Whenever L1
is removed, the frequency ω1 is absent in Bob’s Fourier
analysis while it does not affect the measurement data of
Charlie. Contrary to Charlie, Bob will be able to answer
the question correctly with 100% theoretical accuracy.
The information regarding the passage through some
of the time varying elements is somehow erased from the
pointer in the post-selection process which is the core rea-
son behind Charlie’s inability to answer Alice’s question
correctly. Taking quantum eraser effect and the results of
our gedanken experiment into consideration, we conclude
without any loss of generality that, the state of pointer
in weak measurement cannot always carry complete infor-
mation about the past of a pre- and post-selected quantum
system and therefore, the absence of a weak trace does not
infer absence of weak interaction in the past. More de-
tailed investigations will be required to pin-down the ex-
act role of weak traces and circumstances where they play
significant role in providing information about the par-
ticle trajectories. This may also warrant reinvestigation
of paradoxes that have been discussed in the literature
using weak values [12, 16, 21, 35–40]
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